Holographic charged fluid dual to third order Lovelock gravity by Zou, De-Cheng et al.
ar
X
iv
:1
30
2.
09
04
v3
  [
he
p-
th]
  1
2 A
pr
 20
13
Holographic charged fluid dual to third order Lovelock gravity
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INPAC and Department of Physics, Shanghai Jiao Tong University, Shanghai 200240, China
(Dated: June 20, 2018)
We study the dual fluid on a finite cutoff surface outside the black brane horizon in the
third order Lovelock gravity. Using nonrelativistic long-wavelength expansion, we obtain the
incompressible Navier-Stokes equations of dual fluid with external force density on the finite
cutoff surface. The viscosity to entropy density ratio η/s is independent of cutoff surface
and does not get modification from the third order Lovelock gravity influence. The obtained
ratio agrees with the results obtained by using other methods, such as the Kubo formula at
the AdS boundary and the membrane paradigm at the horizon in the third order Lovelock
gravity. These results can be related by Wilson renormalization group flow. However the
kinematic viscosity receives correction from the third order Lovelock term. We show that
the equivalence between the isentropic flow of the fluid and the radial component of the
gravitational equation observed in the Einstein and Gauss-Bonnet gravities also holds in the
third order Lovelock gravity. This generalization brings more understandings of relating the
gravity theory to the dual fluid.
PACS numbers: 04.70.-s, 11.25.Tq, 47.10.ad
I. INTRODUCTION
It was found nearly three decades ago that the excitations of a black hole horizon dissipate
like those of a fluid with viscosity η = 1/16πG [1–4]. Dividing η with the Bekenstein-Hawking
entropy density s = 1/4G, it yields the dimensionless ratio η/s = 1/4π. Recently in studying the
AdS/CFT correspondence, the ratio of the shear viscosity to entropy density of some field theories
dual to the AdS Einstein gravity was again shown to be the universal value 1/4π [5]. Instead of
the black hole horizon, in the study of AdS/CFT correspondence the ratio of η/s was obtained on
the AdS boundary. Moreover, later then it was found that there exists a so-called fluid/gravity
duality, which can be considered as a special limit of AdS/CFT, claiming that the dual boundary
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2field theories can be described by hydrodynamics in the long-wavelength limit [6]. Considering
that the Wilson renormalization group flow theory does not require an ultraviolet completion of
quantum field theory, the authors in [7] introduced a finite cutoff rc outside the horizon in a general
class of black hole geometries and did not restrict in the asymptotically AdS background. Then,
a precise mathematical relation between the incompressible Navier-Stokes equations in (p + 1)
dimensions and vacuum Einstein equations has been given in (p + 2)-dimensional Rindler bulk
spacetime on an arbitrary cutoff surface r = rc outside the horizon [8, 9]. It is interesting that the
shear viscosity over the entropy density of the fluid is still 1/4π, independent of the cutoff surface.
This study was extended to the AdS black brane [10–13]. Imposing the Petrov-like condition on
the Σc(r = rc) in the near horizon limit, the incompressible Navier-Stokes equations (or modified
equations) for a fluid living on the flat (or spatially curved) spacetime with one fewer dimensions
have been demonstrated in [14–17]. The physics on a finite cutoff surface Σc with finite energy
scale is appealing since it could be reached by experiments. The study of holography on the finite
surface Σc may be helpful to understand the microscopic origin of gravity. Other recent works on
the fluid/gravity correspondence can be found in [18–28].
The study of the fluid/gravity correspondence mainly concentrated on the Einstein-Hilbert
action in the gravity side by relating the radial component of Einstein equations to the isentropy
equation of the dual field theory. In the low-energy limit, string theories give rise to effective gravity
models in higher dimensions which involve the higher powers of curvature terms. In Gauss-Bonnet
gravity, the incompressible Navier-Stokes equations (with external force density) were obtained on a
general cutoff surface Σc for the Rindler [29] and (charged) black brane metrics [10, 11]. Although
the thermodynamic relation still holds, the universal relation of the ratio of shear viscosity to
entropy density is broken and the diffusivity is changed due to the appearance of the Gauss-Bonnet
factor. In this paper we will extend the study to a more general gravity theory with higher order
curvature correction, the third order Lovelock gravity. We will follow the procedures in [10, 11, 29]
and consider the external force coming from the Maxwell field in the system. We will introduce a
finite cutoff surface outside the black hole horizon and discuss the forced fluids at the cutoff surface
in the third order Lovelock gravity. We will obtain the incompressible Navier-Stokes equations
of the dual fluid with external force density on Σc in equivalence with the radial component of
gravitational field equations. We will examine whether the higher curvature correction in the
third order Lovelock gravity influences the thermodynamic parameters, such as the ratio η/s, the
kinematic viscosity, the Reynolds number and the diffusivity of the dual fluid. This will give us
further understanding of relating the gravity theory to the dual fluid.
3The outline of this paper is as follows. In Sec. II, we present the background with electromag-
netic field in the third order Lovelock gravity and introduce the nonrelativistic long-wavelength
expansion, where the bulk gravitational and Maxwell equations are solved to the second order of
the expansion parameter. In Sec. III, we calculate the stress-energy tensor of the dual fluid through
the Brown-York tensor on the cutoff surface and present the incompressible Navier-Stokes equation
of the dual fluid in the third order Lovelock Maxwell case. In Sec. IV, we examine the ratio of
shear viscosity to entropy density, the kinematic viscosity, the Reynolds number and the diffusivity
of the dual fluid on the finite cutoff surface with the presence of higher order curvature corrections.
We finally summarize our results in Sec. V.
II. NONRELATIVISTIC HYDRODYNAMIC EXPANSION
We consider the third order Lovelock gravity with electromagnetic field described by the action
IG = 1
16πG
∫
dnx
√−g (−2Λ +R+ α2L2 + α3L3 − 4πGFµνFµν), (1)
where the negative cosmological constant Λ = −(n− 1)(n− 2)/2l2 and l is the AdS radius. α2 and
α3 are coefficients of Gauss-Bonnet term L2 and third order Lovelock term L3 respectively. The
expressions of L2 and L3 are
L2 = RµνσκRµνσκ − 4RµνRµν +R2,
L3 = 2RµνσκRσκρτRρτµν + 8RµνσρRσκντRρτµκ + 24RµνσκRσκνρRρµ
+3RRµνσκRµνσκ + 24R
µνσκRσµRκν + 16R
µνRνσR
σ
µ − 12RRµνRµν +R3.
Varying the action with respect to the metric tensor gµν and electromagnetic field Aµ, the
equations of motion (EOM) for gravitational and electromagnetic fields are presented
Wµν = −(n− 1)(n − 2)
2l2
gµν +G
(1)
µν + α2G
(2)
µν + α3G
(3)
µν + 8πGTµν = 0, (2)
∂µ(
√−gFµν) = 0, (3)
where Tµν is the electromagnetic stress tensor
1
4gµνFαβF
αβ − FµαF αν . In addition, G(1)µν = Rµν −
1
2Rgµν is the Einstein tensor, and G
(2)
µν and G
(3)
µν are the Gauss-Bonnet and third order Lovelock
tensors respectively
G(2)µν = 2 (RµσκτR
σκτ
ν − 2RµρνσRρσ − 2RµσRσν +RRµν)−
1
2
L2gµν ,
4G(3)µν = 3RµνR
2 − 12RR σµ Rσν − 12RµνRαβRαβ + 24R αµ R βα Rβν − 24R αµ RβσRαβσν
+3RµνRαβσκR
αβσκ − 12RµαRνβσκRαβσκ − 12RRµσνκRσκ + 6RRµαβσR αβσν
+24RµανβR
α
σ R
σβ + 24RµαβσR
β
ν R
ασ + 24RµανβRσκR
ασβκ − 12RµαβσRκαβσRκν
−12RµαβσRακR βσνκ + 24R αβσµ R κβ Rσκνα − 12RµανβRασκρRβσκρ
−6R αβσµ R κρβσ Rκραν − 24R βσµα RβρνλR λαρσ −
1
2
L3gµν .
For the third order Lovelock gravity, the nontrivial third order term L3 requires the dimension
(n) of spacetime satisfying n ≥ 7 [30, 31]. We take the unit AdS radius l = 1 in what follows for
convenience.
Taking the ansatz of the charged black brane solution in the third order Lovelock gravity as
ds2n = −f(r)dτ2 + 2dτdr + r2dxidxi, (4)
we will have [30, 31]
f(r) =
α˜2r
2
α˜3
[
1 +
3
√√
γ + χ2(r) + χ(r)− 3
√√
γ + χ2(r)− χ(r)
]
, (5)
A =
√
n− 2
8π(n− 3)G
q
rn−3
dτ, (6)
by solving the EOM , where
γ =
(
α˜3
α˜22
− 1
)3
, χ(r) = 1− 3α˜3
2α˜22
− 3α˜
2
3
2α˜32
(
−1 + m
rn−1
− q
2
r2n−4
)
.
We have introduced new parameters α2 =
α˜2
(n−3)(n−4) and α3 =
α˜3
72(n−3
4
)
. For the convenience of the
following discussion, considering that usually the higher order curvature corrections are small, we
can expand the black brane solution Eq. (5) to the first order of α˜2 and α˜3 as
f(r) = Ψ(r) +
α˜2
r2
Ψ2(r)− α˜3
3r4
Ψ3(r) (7)
with Ψ(r) = r2− m
rn−3
+ q
2
r2n−6
. The first two terms are exactly the expansion of the metric coefficient
for the Gauss-Bonnet black brane solution to the first order of α˜2.
The integral constants m and q here are related to the gravitational mass M = (n−2)mVn−216piG and
the total charge Q2 = 2(n−2)(n−3)piq
2
G respectively. Moreover m in terms of the real root of f(rh) = 0
is m = rn−1h +
q2
rn−3
h
. Then, the Hawking temperature Th of the black brane is obtained
Th =
f ′(rh)
4π
=
1
4π
[
(n− 1)m
rn−2h
− 2(n− 2)q
2
r2n−5h
]
=
1
4π
[
(n− 1)rh −
(n− 3)q2
r2n−5h
]
. (8)
5Notice that these expressions for mass m and temperature Th are independent of the Gauss-Bonnet
and the third order Lovelock terms. For Th > 0, we must satisfy the condition r
2n−4
h >
n−3
n−1q
2. For
the extreme black brane case with Th → 0, r2n−4h = n−3n−1q2.
The induced metric on the cutoff surface Σc(r = rc) outside the horizon rh with the intrinsic
coordinates x˜a ∼
(
τ˜ =
√
f(rc)τ, x˜
i = rcx
i
)
is
ds2n−1 = γabdx
adxb = −f(rc)dτ2 + r2cdxidxi
= −dτ˜2 + δijdx˜idx˜j. (9)
We require the metric Eq. (9) flat when perturbing the bulk metric Eq. (4) and will investigate the
dual fluid living on the Σc(r = rc).
Let us begin by describing the setup. Following [9], we consider the diffeomorphism transforma-
tions satisfying the three conditions: (i) the induced metric on the Σc is fixed; (ii) the stress-energy
tensor on the Σc takes the form of that of perfect fluid; (iii) metrics after diffeomorphism transfor-
mations remain stationary and homogeneous in the (τ, xi) coordinates. Then there are two allowed
finite diffeomorphism transformations. The first diffeomorphism transformation is a Lorentz boost
with constant boost parameter βi

√
f(rc)τ → γ(
√
f(rc)τ − βircxi),
rcx
i → rcxi + (γ − 1)β
iβj
β2
xj − γβi
√
f(rc)τ,
(10)
where ua =
(1,βi)√
f(rc)−v2
, γ =
(
1− β2)−1/2 and βi = rc√
f(rc)
vi. The second is a transformation of r
and associated rescalings of τ and xa
r → (1− P ) r, τ →
√
f(rc)
f [(1− P ) rc]τ, x
i → rc
(1− P ) rcx
i. (11)
After these transformations, we can obtain the transformed bulk metric and electromagnetic field
and they remain the exact solution of EOM .
After promoting vi and P to be functions of boundary coordinates, vi = vi(τ, x
i) and P =
P (τ, xi), the transformed bulk metric and electromagnetic field are no longer the exact solution of
EOM . Taking the so-called nonrelativistic long-wavelength expansion parametrized by ǫ→ 0
∂τ ∼ ǫ2, ∂i ∼ ǫ, ∂r ∼ ǫ0 (12)
6together with scaling P ∼ ǫ2 and vi ∼ ǫ, the transformed bulk metric up to ǫ2 is [10, 11]
ds2 = −f(r)dτ2 + 2drdτ + r2dxidxi
−2r2
(
1− r
2
cf(r)
r2f(rc)
)
vidx
idτ − 2r
2
cvi
f(rc)
dxidr
+r2
(
1− r
2
cf(r)
r2f(rc)
)(
v2dτ2 +
r2cvivj
f(rc)
dxidxj
)
+
r2cv
2
f(rc)
drdτ
+f(r)
(
rf ′(r)
f(r)
− rcf
′(rc)
f(rc)
)
Pdτ2 +
(
rcf
′(rc)
f(rc)
− 2
)
Pdrdτ
+2r2F (r)∂(ivj)dx
idxj +O(ǫ3), (13)
where the terms of last three lines are all of order ǫ2. Meanwhile, the correction term
2r2F (r)∂(ivj)dx
idxj is added to cancel the source terms at order ǫ2 due to the spatial SO(n − 2)
rotation symmetry of black brane background [6] and the gauge F (rc) = 0 is chosen to keep the
induced metric γab invariant. Henceforth the above total metric can solve the gravity equations
up to order ǫ2 and F (r) will be determined below using the gravity equations. In addition, the
transformed electromagnetic field turns to
Aµdx
µ =
√
2n− 4
n− 3
q
rn−3
[
dτ − r
2
c
f(rc)
vidx
i +
r2c
2f(rc)
v2dτ
+(n− 3)Pdτ + f
′(rc)
2f(rc)
rcPdτ
]
+O(ǫ3) (14)
and the nonvanishing components of the electromagnetic field up to ǫ2 are
Fτr =
√
(n− 2)(n − 3)
8πG
q
rn−2
[
1 +
r2cv
2
2f(rc)
+
(
(n− 3) + f
′(rc)rc
2f(rc)
)
P
]
,
Fir = −
√
(n− 2)(n − 3)
8πG
r2cvi
f(rc)
, (i = 3, ...n). (15)
In [7], the electromagnetic degrees of freedom have been considered and then there exists a boundary
current dual to the bulk electromagnetic field.
It is interesting to note that the perturbed electromagnetic field Eq. (15) automatically satisfies
the Maxwell equation Eq. (3) up to ǫ2, provided that one additionally imposes a constraint condition
∂iv
i = 0 which is equivalent to ∂˜iβ
i = 0. As we will see later, this condition turns out to be just the
constraint equation at order ǫ2. So it needs no correction terms to be added to electromagnetic field
Eq. (15) at order ǫ2. As to the Lovelock gravity equation Eq. (2), with this constraint condition
∂˜iβ
i = 0, F (r) can be solved as
F (r) =
∫ rc
r
[(
1− C
ϑrn−2
)
1
f(r)
]
dr, (16)
7where
ϑ = 1− 2α˜2
(
f(r)
r2
+
r
n− 3
(
f(r)
r2
)′)
+
α˜3f(r)
r2
(
f(r)
r2
+
r
n− 5
(
f(r)
r2
)′)
.
The integration constant C is determined as C = rn−2h − 2α˜2n−3rn−3h f ′(rh) in order to keep the function
F (r) regular at the horizon rh [the largest root of f(rh) = 0]. With f
′(rh) = (n − 1)rh − (n−3)q
2
r2n−5
h
,
we can rewrite Eq. (16) to a useful form for the following discussions
(
1 + F ′(r)f(r)
)
ϑrn−2 = rn−2h
[
1− 2α˜2
(
n− 1
n− 3 −
q2
r2n−4h
)]
. (17)
Obviously the function (1 + F ′(r)f(r))ϑrn−2 cannot be influenced by the cutoff surface and coef-
ficient α˜3 of the third order Lovelock term.
III. INCOMPRESSIBLE CHARGED FLUID ON THE CUTOFF SURFACE Σc
Now we study the fluid living on the surface Σc dual to the bulk configuration Eqs. (13)(14).
According to fluid/gravity duality, the Brown-York tensor on the Σc can be identified as the stress-
energy tensor of the dual fluid.
For a spacetime with boundary in Einstein gravity, the equations of motion are derived from the
Einstein-Hilbert action with a Gibbons-Hawking boundary term [32]. In the third order Lovelock
gravity, some appropriate surface terms [33] are also needed to be included to the action Eq. (1)
I = IG + 1
8πG
∫
Σc
dn−1x
√−γ (K + 2α2J + 3α3H + C), (18)
where γab = gab−nanb is an induced metric on Σc, K is the trace of extrinsic curvature tensor Kab
on Σc and is defined by Kab = γ
c
a∇cnb. Furthermore, J and H are the traces of
Jab =
1
3
(
2KKacK
c
b +KcdK
cdKab − 2KacKcdKdb −K2Kab
)
,
Hab =
1
5
[(
K4 − 6K2KcdKcd + 8KKcdKdeKec − 6KcdKdeKefKfc + 3
(
KcdK
cd
)2)
Kab
−
(
4K3 − 12KKedKed + 8KdeKefKfd )KacKcb − 24KKacKcdKdeKeb
+
(
12K2 − 12KefKef)KacKcdKdb + 24KacKcdKdeKefKbf
]
. (19)
Here C is a constant which can be fixed when the cutoff surface goes to the AdS boundary. Using
the Brown-York method [34], the Brown-York tensor TBYab on the Σc can be derived [35–37]
TBYab =
1
8πG
[Kγab −Kab − 2α2 (3Jab − Jγab)
−3α3 (5Hab −Hγab) + Cγab] , (20)
8Plugging the perturbed metric Eq. (13) into Eq. (20), the Brown-York tensor TBYab of the dual
fluid with α2 =
α˜2
(n−3)(n−4) and α3 =
α˜3
72(n−3
4
)
in the x˜a ∼ (τ˜ , x˜i) coordinates can be described as
T˜BYab = T˜
(0)
ab + T˜
(1)
ab + T˜
(2)
ab +O(ǫ3), (21)
where
8πGT˜
(0)
ab dx˜
adx˜b =
[
(n− 2)f(rc)1/2
rc
(
− α˜3f
2(rc)
5r4c
+
2α˜2f(rc)
3r2c
− 1
)
− C
]
dτ˜2
+
[
1√
f(rc)
(
f ′(rc)
2
+
(n − 3)f(rc)
rc
− α˜2f(rc)
(
f ′(rc)
r2c
+
2(n − 5)f(rc)
3r3c
)
+ α˜3f
2(rc)
(
f ′(rc)
2r4
+
(n− 7)f(rc)
5r5
))
+ C
]
dx˜idx˜
i, (22)
8πGT˜
(1)
ab dx˜
adx˜b =
(
− α˜3f
2(rc)
r4c
+
2α˜2f(rc)
r2c
− 1
)(
f(r)
r2
)′
c
r2cβi√
f(rc)
dx˜idτ˜ , (23)
8πGT˜
(2)
ab dx˜
adx˜b =
(
1− 2α˜2f(rc)
r2c
+
α˜3f
2(rc)
r4c
)(
f(r)
r2
)′
c
r2c
2
√
f(rc)
[(
(n− 2)P + β2) dτ˜2
+βiβjdx˜
idx˜j + κPdx˜idx˜
i
]− ϑc
2
[
1 + f(rc)F
′(r)
]
∂˜(iβj)dx˜
idx˜j (24)
with
κ =
r3c
(
r4c + 2α˜2r
2
cf(rc)− α˜3f2(rc)
)
2f(rc) (r4c − 2α˜2r2cf(rc) + α˜3f2(rc))
(
f(r)
r2
)′
c
− (n− 1)− rc
(
f(r)
r2
)′′
c
/
(
f(r)
r2
)′
c
,
ϑc = 1− 2α˜2
(
f(rc)
r2c
+
rc
n− 3
(
f(r)
r2
)′
c
)
+
α˜3f(rc)
r2c
(
f(rc)
r2c
+
rc
n− 5
(
f(r)
r2
)′
c
)
.
On the fluid side, we know that the general form of the stress-energy tensor of a (relativistic)
viscous fluid at the first order gradient expansion in Minkowski background is
T˜ab = (p˜+ ρ˜) u˜au˜b + p˜g˜ab − 2ησ˜ab − ζθ˜ (g˜ab + u˜au˜b) (25)
with u˜a = γ(1, βi), ρ˜ the energy density, p˜ the pressure, σ˜ab the shear and θ˜ = ∂˜au˜
a the expansion.
In the above stress-energy tensor under the nonrelativistic long-wavelength expansion, we have θ˜ =
0 by the incompressibility condition ∂˜au˜
a ∼ ∂˜iβi = 0 at ǫ2, which renders the term ζθ˜(g˜ab + u˜au˜b)
to vanish and σ˜ab =
1
2(∂˜au˜b + ∂˜bu˜a). Then up to ǫ
2, we have
T˜ττ = ρ˜+ (p˜+ ρ˜)β
2, T˜τi = − (p˜+ ρ˜)βi,
T˜ij = (p˜+ ρ˜)βiβj + p˜δij − η(∂˜iβ˜j + ∂˜j β˜i). (26)
9Comparing with the expression of Brown-York tensor T˜BY Eq. (22), the energy density ρ˜0 and
pressure p˜0 of the dual fluid at order ǫ
0 take the following form

ρ˜0 =
(n−2)
√
f(rc)
8piGrc
(
− α˜3f2(rc)5r4c +
2α˜2f(rc)
3r2c
− 1
)
− C8piG ,
p˜0 =
1
8piG
√
f(rc)
(
f ′(rc)
2 +
(n−3)f(rc)
rc
− α˜2f(rc)
(
f ′(rc)
r2c
+ 2(n−5)f(rc)3r3c
)
+α˜3f
2(rc)
(
f ′(rc)
2r4
+ (n−7)f(rc)
5r5
))
+ C8piG .
(27)
Even though there exists the constant C, the combination ω = ρ˜0 + p˜0 denotes
ω =
r2c
16πG
√
f(rc)
(
1− 2α˜2f(rc)
r2c
+
α˜3f
2(rc)
r4c
)(
f(r)
r2
)′
c
. (28)
From Eqs. (24)(26), the energy density ρ˜c and the pressure p˜c to the order ǫ
2 are corrected to be

ρ˜c = ρ˜0 +
(n−2)r2cP
16piG
√
f(rc)
(
1− 2α˜2f(rc)
r2c
+ α˜3f
2(rc)
r4c
)(
f(r)
r2
)′
c
,
p˜c = p˜0 +
r2cκP
16piG
√
f(rc)
(
1− 2α˜2f(rc)
r2c
+ α˜3f
2(rc)
r4c
)(
f(r)
r2
)′
c
(29)
and the shear viscosity η is given by
η =
ϑc
16πG
[
1 + f(rc)F
′(rc)
]
. (30)
In addition, we can also define Pr as pressure density with [38]
Pr =
p˜c − p˜0
ρ˜0 + p˜0
=
p˜c − p˜0
ω
= κP. (31)
For the flat cutoff surface Σc, the Gauss-Codazzi equations take the following forms

Rµνρσγ
µ
aγνbγ
ρ
cγσd = KbcKad −KacKbd,
Raνρσn
aγνbγ
ρ
cγσd = ∂dKbc − ∂cKbd,
Raνcµγ
c
aγ
ν
bγ
µ
d = KbcK
c
d −KKbd.
(32)
With the aid of these Gauss-Codazzi equations, the conservation equations of the Brown-York
tensor on the Σc-the so-called momentum constraint-can be deduced from the equation of motion
Eq. (2) of the third order Lovelock gravity
− 2
(
G(1)µν + α2G
(2)
µν + α3G
(3)
µν
)
nµγνb = 16πGTµνn
µγνb,
=⇒ ∂˜aT˜BYab = Tµbnµ, (33)
where nµ is the unit normal vector of Σc. Taking index b = τ , the temporal component of the
momentum constraint at ǫ2 reads as
∂˜aT˜BYaτ = T
µ
τnµ =
1√
f(rc)
T rτ = 0,
⇒
(
1− 2α˜2f(rc)
r2c
+
α˜3f
2(rc)
r4c
)(
f(r)
r2
)′
c
r2c
8πG
√
f(rc)
∂˜iβ
i = 0, (34)
10
which implies the dual fluid is incompressible.
Taking index b = j, the spatial component of the momentum constraint up to ǫ3 is given by
∂˜aT˜BYaj = Tµjn
µ = FjaJ
a,
⇒ − r
3
c
16πG
√
f(rc)
{
−
(
1− 2α˜2f(rc)
r2c
+
α˜3f
2(rc)
r4c
)(
f(r)
r2
)′
c
(
∂˜τβj + β
a∂˜aβj + κ∂˜jP
)
+
√
f(rc)
r2c
ϑc
[
1 + f(rc)F
′(rc)
]
∂˜2βj
}
= fj, (35)
where fj = FjaJ
a as the external force density. The dual charged current here defined as Ja =
nµF
aµ on the Σc gives J
τ = nrF
rτ and J i = nrF
ri, and then we gain the charged current
conservation law ∂aJ
a = 0. This result is obvious that the conservation law of the boundary
current Ja just coincides with the incompressibility condition ∂˜iβ
i = 0 for the constant dual charge
density. Therefore, consider these expressions for ω Eq. (28) and η Eq. (30) and order that the so-
called kinematic viscosity ν equals ηω ; the spatial component of the momentum constraint Eq. (35)
finally becomes the incompressible charged Navier-Stokes equations
∂˜τβj + β
b∂˜bβj + ∂˜jPr − ν∂˜2βj = f˜j, ∂˜iβi = 0, (36)
where the external force density reads f˜j =
fj
rcω
.
IV. PHYSICAL PROPERTIES OF THE HOLOGRAPHIC FLUID ON THE CUTOFF
SURFACE Σc
Now let us discuss the physical properties of the incompressible charged Navier-Stokes fluid on
the surface Σc. We can compute the trace of the stress-energy tensor T˜ab, namely the Brown-York
tensor T˜BYab on the Σc, in the x˜
a ∼ (τ˜ , x˜i) coordinates up to ǫ2
T˜c = T˜
BY
ab γ˜
ab =
1
8πG
[
(n− 2)K + 2α˜2J
n− 3
+
α˜3H
(n− 3) (n− 4) (n− 5) + (n− 1)C
]
, (37)
11
where
K =
rf ′(rc) + 2(n− 2)f(rc)
2rc
√
f(rc)
+
P
4rcf3/2(rc)
[
4(n− 2)f2(rc)
+r2cf
′2(rc)− 2rcf(rc)
(
(n− 2)f ′(rc) + rcf ′′(rc)
)]
,
J = (n− 2)(n − 3)
[
−
√
f(rc)
6r3c
(
2(n − 4)f(rc) + 3rcf ′(rc)
)
+
P
4r3c
√
f(rc)
(
4(4− n)f2(rc)
+r2cf
′2(rc) + 2rcf(rc)
(
(n− 6)f ′(rc) + rcf ′′(rc)
))]
,
H = (n− 2)(n − 3)(n − 4)(n − 5)
[
f3/2(rc)
10r5c
(
2(n − 6)f(rc) + 5rcf ′(rc)
)
+
√
f(rc)P
4r5c
(
4(n − 6)f2(rc)− 3r2cf ′2(rc)− 2rcf(rc)
(
(n− 10)f ′(rc) + rcf ′′(rc)
))]
. (38)
In general, the trace T˜c of the stress-energy tensor T˜ab does not vanish. For the boundary at infinity
rc →∞, some surface counterterms are needed to remove the divergence in the stress-energy tensor.
From the black brane solution Eq. (5), one can take r →∞
f(r)
r2
→ α˜2
α˜3
[
1 +
3
√√
γ + χ2(∞) + χ(∞)− 3
√√
γ + χ2(∞)− χ(∞)
]
(39)
with γ =
(
α˜3
α˜2
2
− 1
)3
and χ(∞) = 1− 3α˜3
2α˜2
2
+
3α˜2
3
2α˜3
2
, and then define the effective AdS radius le as
1
l2e
=
α˜2
α˜3
[
1 +
3
√√
γ + χ2(∞) + χ(∞)− 3
√√
γ + χ2(∞)− χ(∞)
]
. (40)
Since the stress-energy tensor T˜ab is traceless on the boundary at infinity, Eq. (38) takes the form
when rc →∞
K =
n− 1
le
, J = −(n− 1)(n− 2)(n − 3)
3l3e
,
H =
(n− 1)(n − 2)(n − 3)(n − 4)(n − 5)
5l5e
. (41)
Therefore, the constant C is obtained
C = (n− 2)
(
− 1
le
+
2α˜2
3l3e
− α˜3
5l5e
)
. (42)
We can expand C to the first order of α˜2 and α˜3 so that
C = (n− 2)
(
−1 + α˜2
6
− α˜3
30
)
. (43)
Notice that the constant C receives a negative correction from the third order Lovelock gravity.
Consider α˜3 → 0; then C equals −3 + α2 for n = 5 which is consistent with the expansion of
12
constant C to the first order of α2 in Gauss-Bonnet gravity [10]. In the Einstein gravity, C = −3
in five dimensions [10] which is consistent with our result by taking α˜2 and α˜3 → 0.
In third order Lovelock gravity, considering the higher order curvature contribution, it is more
appropriate to use the Wald entropy to describe the thermodynamical properties of the black
hole. However, in our case since we are considering the black brane with planar horizon, the Wald
entropy reduces to the Bekenstein-Hawking entropy S =
rn−2
h
4G [30, 31]. Using the metric Eq. (9),
we consider a quotient under shift of xi, xi ∼ xi + ni with ni ∈ Z. Then, the spatial Rn−2 on the
Σc turns out to be an (n − 2)-tours T n−2 with rc-dependent volume Vn−2(rc) = rn−2c . Therefore,
the entropy density on the Σc is described by S/Vn−2(rc) in the form
sc =
1
4G
rn−2h
rn−2c
. (44)
The local temperature Tc on the Σc is identified as the temperature of the dual fluid. With the
Tolman relation and Eq. (8), we get the local temperature Tc
Tc =
Th√
f(rc)
=
1
4π
√
f(rc)
[
(n− 1) rh −
(n− 3) q2
r2n−5h
]
. (45)
The term 1√
f(rc)
can be expanded in the first order of α˜2 and α˜3 in the form
1√
f(rc)
= Ψ−1/2(rc)− α˜2
2r2c
Ψ1/2(rc) +
α˜3
6r4c
Ψ3/2(rc) (46)
where Ψ(rc) = r
2
c − r
n−1
h
rn−3c
+ q
2
rn−3c
(
1
rn−3c
− 1
rn−3
h
)
, so that the local temperature Tc can be expressed
as
Tc =
1
4π
[
Ψ−1/2(rc)− α˜2
2r2c
Ψ1/2(rc) +
α˜3
6r4c
Ψ3/2(rc)
][
(n− 1) rh − (n− 3) q
2
r2n−5h
]
. (47)
It is clear that the Gauss-Bonnet and third order Lovelock gravity factors appear in the local
temperature expression.
We define the chemical potential µc as µc =
n−2
8piG
√
f(rc)
( q
rn−3
h
− q
rn−3c
) and the charge density
qc =
q
Vn−2(rc)
with q
rn−2c
on the Σc. Then the thermodynamic relation can be verified
ω − scTc = qcµc (48)
with ω expressed in Eq. (28)
ω =
r2c
16πG
√
f(rc)
(
1− 2α˜2f(rc)
r2c
+
α˜3f
2(rc)
r4c
)(
f(r)
r2
)′
c
=
1
8πG
√
f(rc)
[
(n− 1)m
2rn−2c
− (n− 2) q
2
r2n−5c
]
=
1
8πG
√
f(rc)
[
(n− 1)rn−1h
2rn−2c
+
(n− 1)q2
2rn−2c r
n−3
h
− (n− 2)q
2
r2n−5c
]
. (49)
13
The shear viscosity η = ϑc16piG [1 + f(rc)F
′(rc)] can be written as
16πGηrn−2c = r
n−2
h
[
1− 2α˜2
(
n− 1
n− 3 −
q2
r2n−4h
)]
⇒ η = 1
16πG
rn−2h
rn−2c
[
1− 2α˜2
(
n− 1
n− 3 −
q2
r2n−4h
)]
, (50)
where Eq. (17) has been employed. When n−1n−3 =
q2
r2n−4
h
, we see that the higher curvature corrections
do not influence the shear viscosity and we always have η = 116piG
rn−2
h
rn−2c
[10, 11]. For the case
n−1
n−3 6= q
2
r2n−4
h
, we have the positive shear viscosity provided that α˜2 <
[
2
(
n−1
n−3 − q
2
r2n−4
h
)]−1
. When
α˜2 =
[
2
(
n−1
n−3 − q
2
r2n−4
h
)]−1
, we have the perfect fluid with vanishing shear viscosity. Here we focus
on the case with η > 0. The ratio of the shear viscosity to entropy density is obtained as
η
sc
=
1
4π
[
1− 2α˜2
(
n− 1
n− 3 −
q2
r2n−4h
)]
. (51)
Obviously the ratio ηsc is independent of the surface cutoff. This is consistent with the results in
Einstein and Gauss-Bonnet gravity [10, 11]. Our ratio ηsc does not change under Wilson renormal-
ization group (RG) flow and is in correspondence with the previous results by using other methods,
such as the Kubo formula at the AdS boundary [39] and the membrane paradigm at the horizon
[40]. Our ratio ηsc does not receive any correction from the third order Lovelock term which is the
same result as shown in the Gauss-Bonnet gravity [11]. When α˜2 → 0, the ratio ηsc reduces to 14pi
in Einstein gravity [5].
The kinematic viscosity ν is defined by ηω and is expressed as
ν =
Ξ
4πTc
[
1− 2α˜2
(
n− 1
n− 3 −
q2
r2n−4h
)]
, (52)
where
Ξ =
[
(n− 1) rh − (n− 3) q
2
r2n−5h
][
(n − 1)rh + (n− 1)q
2
r2n−5h
− 2(n − 2)q
2
rn−3c r
n−2
h
]−1
. (53)
The kinematic viscosity ν remains nonnegative when α˜2 ≤
[
2
(
n−1
n−3 − q
2
r2n−4
h
)]−1
. When α˜2 =[
2
(
n−1
n−3 − q
2
r2n−4
h
)]−1
, we have the extremal case with ν = 0 and the incompressible charged
Navier-Stokes equation Eq. (7) becomes the nonrelativistic incompressible Euler’s equation
∂˜τβj + β
b∂˜bβj + ∂˜jPr = f˜j, ∂˜iβ
i = 0. (54)
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Inserting the expansion of
√
f(rc), the kinematic viscosity ν can get influences from both Gauss-
Bonnet and the third order Lovelock corrections,
ν =
[
Ψ1/2(rc) + α˜2Ψ
1/2(rc)
(
Ψ(rc)
2r2c
− 2
(
n− 1
n− 3 −
q2
r2n−4h
))
− α˜3
6r4c
Ψ5/2(rc)
]
×
[
(n− 1)rh + (n− 1)q
2
r2n−5h
− 2(n− 2)q
2
rn−3c r
n−2
h
]−1
. (55)
Now let us look at the dimensionless coordinate invariant diffusivity D¯c. It was defined as the
kinematic viscosity timing the temperature on the surface Σc [7] and it relates to the measured
decay rate of the perturbation. The diffusivity reads
D¯c = Tcν =
Ξ
4π
[
1− 2α˜2
(
n− 1
n− 3 −
q2
r2n−4h
)]
. (56)
Obviously, the diffusivity D¯c is independent of the surface Σc. Only the Gauss-Bonnet correction
appears if compared with the Einstein gravity case, while the third order Lovelock term does not
show up in the diffusivity.
Considering the characteristic scale of the perturbation L ∼ ǫ−1 and the velocity β =
√
βiβi ∼ ǫ,
the Reynolds number of the dual fluid is given as
Re(rc) = βL
ν
∝ 1
ν
=
4πTc
Ξ
[
1− 2α˜2
(
n− 1
n− 3 −
q2
r2n−4h
)]−1
. (57)
So the Reynolds number Re(rc) of the dual fluid is proportional to the local temperature Tc on the
surface Σc. When the cutoff surface approaches the event horizon of the black brane background,
the local temperature Tc as well as Reynolds number Re(rc) become larger and larger, and then
the dual fluid will become unstable. Using the expansion for temperature Tc, the Reynolds number
becomes
Re(rc) =
[
Ψ−1/2(rc)− α˜2Ψ−1/2(rc)
(
Ψ(rc)
2r2c
+ 2
(
n− 1
n− 3 −
q2
r2n−4h
))
+
α˜3
6r4c
Ψ3/2(rc)
]
×
[
(n− 1)rh +
(n − 1)q2
r2n−5h
− 2(n− 2)q
2
rn−3c r
n−2
h
]
. (58)
We see that both the Gauss-Bonnet and the third order Lovelock correction terms appear in the
Reynolds number.
According to the thermodynamic relation, the total entropy is
S = scVn−2(rc) =
rn−2c
Tc
(ω − qcµc) . (59)
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Following the procedures in [7, 12], we introduce an arbitrary null vector ζ˜µ with ζ˜µ∂˜µ = ∂˜τ − ∂˜x1
which is tangent to the surface Σc, and then we can verify
∂rc
(
rn−2c
Tc
ω
)
=
rn−2c
8πGTh
ζ˜µζ˜ν
(
G(1)µν (rc) + α2G
(2)
µν (rc) + α3G
(3)
µν (rc)
)
(60)
and
∂rc
(
rn−2c
Tc
qcµc
)
=
rn−2c
Th
ζ˜µζ˜νTµν(rc). (61)
Finally, we have
∂rc
[
rn−2c
Tc
(ω − qcµc)
]
=
rn−2c
16πGTh
ζ˜µζ˜ν
[
2
(
G(1)µν (rc) + α2G
(2)
µν (rc) + α3G
(3)
µν (rc)
)
+16πGTµν(rc)] . (62)
Since in classical gravity there does not exist entropy outside the black brane, we have the radial
isentropic flow. Considering the equation of motion (2), the equation ∂rcS = 0⇐⇒ ζ˜µζ˜νWµν(rc) =
0 can be obtained which implies the equivalence between the isentropy of the RG flow and a radial
gravitational field equation of the third order Lovelock-Maxwell gravity.
V. SUMMARY
Based on the static black brane metric and using the two finite diffeomorphism transformations
and nonrelativistic long-wavelength expansion, we have solved the bulk equations of motion at an
arbitrary cutoff surface outside the horizon in the third order Lovelock gravity up to the second
order of the expansion parameter. We have computed the stress-energy tensor of the dual fluid
on the cutoff surface through the Brown-York tensor on the surface. We have shown that the
dual fluid on Σc obeys an incompressible charged Navier-Stokes equation. The viscosity to entropy
density ratio is cutoff surface independent and does not get modification from the third order
Lovelock gravity influence. This agrees with the result obtained at the AdS boundary in the
AdS/CFT correspondence [39]. In the near horizon limit, the result of η/s is also consistent with
that obtained in the membrane paradigm [40]. The existence of RG flow may explain why the
membrane paradigm 3 and the AdS infinity give the same result of η/s in the third order Lovelock
gravity. Different from η/s, our result shows that the kinematic viscosity ν receives correction from
the third order Lovelock term. It has been proved that the entropy flow equation along the radial
coordinate is equivalent to the radial gravitational equations in Einstein [7] and Gauss-Bonnet
gravity [12]. Here we have further proved that this property is also satisfied in the third order
16
Lovelock gravity. The influences of the thermodynamic parameters due to the higher curvature
corrections we have observed in the third Lovelock gravity are interesting. They give us more
understandings of relating the gravity theory to the dual fluid.
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